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Abstract: In this paper, we introduce a novel hybrid three-term conjugate 

gradient algorithm referred to as THREER, designed to address 

unconstrained optimization problems. The proposed approach integrates 

the 𝛽-parameter introduced by Al-Neami with an additional third 

component derived from a rate-based vector 𝑦̂, resulting in a search 

direction that preserves and enhances key characteristics of traditional 

conjugate gradient methods. A rigorous theoretical investigation 

establishes that the algorithm satisfies the sufficient descent condition 

regardless of the line search technique employed. Furthermore, the global 

convergence of the method is guaranteed under commonly accepted 

assumptions. Extensive numerical experiments conducted on large-scale 

benchmark problems reveal that THREER achieves superior 

performance when compared with several classical algorithms, 

particularly in terms of iteration count and function evaluations. These 

results highlight the algorithm’s robustness, efficiency, and potential for 

solving high-dimensional optimization tasks. 
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INTRODUCTION 

For solving the nonlinear unconstrained optimization problem 

 𝑚𝑖𝑛  𝑓(𝑥) ∶  𝑥 ∈  𝑅𝑛                                                                                 (1.1)     

Let 𝑓 ∶  𝑅𝑛  →  𝑅 be a continuously differentiable function that is bounded below. Starting 

from an initial point 𝑥0  ∈  𝑅𝑛, the nonlinear conjugate gradient method generates an iterative 

sequence {𝑥𝑛} according to the update rule. 

𝑥𝑛  =  𝑥𝑛−1  + 𝛼𝑛−1𝑑𝑛−1                                                                                (1.2)  

  Where 𝛼𝑛−1 > 0 is a step-size discovered by line search a long 𝑑𝑛 , 𝑑𝑛 is a search direction 

to effectively explore for an optimal solution to problem (1.1), 𝑥0 is an arbitrarily selected initial 

solution and 𝑥𝑛  denotes the current iterative point(Faramarzi & Amini, 2021). The search directions 

for the traditional Conjugate Gradient Methods (CGMs) are often provided by: 

𝑑𝑛 = {
  −𝑔𝑛  ,                   𝑛 = 1

−𝑔𝑛 + 𝛽𝑛𝑑𝑛−1,    𝑛 ≥ 2
                      (1.3) 

where 𝑔𝑛 = 𝑔(𝑥𝑛) and 𝛽𝑛 ∈ 𝑅 are parameters whose variations result in different 

nonlinear Conjugate Gradient Methods( CGMs).  We have two categories of parameters 𝛽𝑛, the 

first one, include the Fletcher-Reeves (FR) (Fletcher, 1964) method, the conjugate descent (CD) 

(Fletcher, 1987)method and the Dai-Yuan (DY) (Yuan & Dai, 1999)method. Their form is as 

follows 
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𝛽𝑛
𝐹𝑅 =

‖𝑔𝑛‖2

‖𝑔𝑛−1‖2 , 𝛽𝑛
𝐶𝐷 = −

‖𝑔𝑛‖2

𝑔𝑛−1
𝑇 𝑑𝑛−1

, 𝛽𝑛
𝐷𝑌 =

‖𝑔𝑛‖2

𝑦𝑛−1
𝑇 𝑑𝑛−1

 .     

Where 𝑦𝑛−1 = 𝑔𝑛 − 𝑔𝑛−1, the Euclidean norm vectors is denoted by ‖. ‖.These parameters 

share the same numerator, ‖𝑔𝑛‖2, which theoretically enhances the convergence rate and 

guarantees strong global convergence properties under ideal mathematical conditions. However, in 

practical implementations, this structural similarity can occasionally induce a “jamming” 

phenomenon. Specifically, when consecutive gradients become nearly collinear or their magnitudes 

decrease rapidly, the search direction tends to lose its effectiveness, resulting in very small step 

sizes or even stagnation. Moreover, finite-precision arithmetic may amplify these effects, leading 

to numerical instability and a degradation of descent properties. Therefore, despite its strong 

theoretical convergence characteristics, the numerical performance of such formulations may 

remain inefficient in real-world scenarios due to sensitivity to gradient scaling, loss of descent 

direction, and accumulation of round-off errors. 

The second categories include the Hestenes-Stiefel (HS) (Hestenes & Stiefel, 1952)method, Polak-

Ribiere and Polyak (PRP) (Opérationnelle et al., 1969; Polyak, 1969)method and Liu- Storey (LS) 

(Liu & Storey, 1991) method. Their form is as follows: 

𝛽𝑛
𝐻𝑆 =

𝑔𝑛
𝑇𝑦𝑛−1

𝑦𝑛−1
𝑇 𝑑𝑛−1

, 𝛽𝑛
𝑃𝑅𝑃 =

𝑔𝑛
𝑇𝑦𝑛−1

‖𝑔𝑛−1‖2 , 𝛽𝑛
𝐿𝑆 = −

𝑔𝑛
𝑇𝑦𝑛−1

𝑔𝑛−1
𝑇 𝑑𝑛−1

  

These parameters contain the same numerator 𝑔𝑛
𝑇𝑦𝑛−1. However, they do not satisfy the 

convergence property, even when employing exact line searches for non-convex functions(Andrei, 

n.d.; Control & 2008). 

When analyzing convergence and implementing nonlinear CG algorithms, the strong Wolfe (SW) 

inexact line search is frequently taken into consideration because exact line search for finding 𝛼𝑛−1 

is typically costly and impracticable. The strong Wolfe conditions provide an effective balance 

between computational simplicity and theoretical guarantees. Specifically, they ensure sufficient 

decrease in the objective function and control the curvature along the search direction, which 

together help maintain the descent property of the generated directions(Nocedal & Wright, 2006). 

Compared with other inexact line search rules such as the Armijo, Goldstein, or weak Wolfe 

conditions, the SW line search is particularly advantageous for nonlinear CG methods. It prevents 

excessively large or small step sizes, reduces oscillations in the search trajectory, and contributes 

to global convergence under mild assumptions (W. W. Hager & Zhang, 2006), (Dai & Yuan, 1996). 

Moreover, the SW conditions are well aligned with most convergence proofs in the CG literature, 

where they ensure that 𝑔𝑛
𝑇𝑑𝑛 < 0and that the sequence {𝑥𝑛}converges to a stationary point of 𝑓(𝑥) 

(Hestenes & Stiefel, 1952). 

Consequently, employing the strong Wolfe inexact line search enhances both the stability and the 

efficiency of the proposed CG algorithms, leading to smoother convergence behavior and improved 

numerical performance across a wide range of test problems (W. W. Hager & Zhang, 2006).The 

following two SW requirements must be met in order to find a step size n. 

𝑓(𝑥𝑛−1 + 𝛼𝑛−1𝑑𝑛−1 ) ≤ 𝑓(𝑥𝑛−1) + 𝛿1𝛼𝑛−1𝑔𝑛−1
𝑇 𝑑𝑛−1                                  (1.4)                                    

|𝑔(𝑥𝑛−1 + 𝛼𝑛−1𝑑𝑛−1 )
𝑇𝑑𝑘−1| ≤ 𝛿2|𝑔𝑛−1

𝑇 𝑑𝑛−1|                                     (1.5)  

 

where 0 < 𝛿1 < 𝛿2 < 1, are the parameters (Hassan & Al-Naemi, 2020).Conventional conjugate 

gradient methods exhibit identical behavior when applied to convex quadratic functions using an 

exact linear search, but their performance varies significantly for non-quadratic functions or when 

using an inexact linear search. Consequently, the need has emerged to develop hybrid algorithms 

that combine the advantages of different methods, with the goal of improving stability and 

convergence efficiency in general cases(Al-Namat & Al-Naemi, 2020). 

In this study, our focus is directed toward the investigation of three-term conjugate gradient 

methods, given their enhanced structure and potential for improved performance. One of the earliest 

general formulations of such methods was introduced by Beale, whose approach laid the 
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groundwork for this class of algorithms. It has been shown that the generated search direction 𝑑𝑛 

in Beale’s method satisfies the sufficient descent condition (BEALE E., 1972). Building upon 

Beale’s formulation, Deng and Li proposed an enhanced version by incorporating a restart 

mechanism at selected iterations. This modification was shown to ensure global convergence under 

relatively mild assumptions (Deng et al., 1994).Further advancements were made by Nazareth, who 

developed a three-term scheme based on a recursive relation of the form 𝑦𝑛 = 𝑔𝑛+1 − 𝑔𝑛. In his 

analysis, it was demonstrated that conjugacy of search directions can be preserved even in the 

absence of an exact line search procedure (Nazareth, 1977).Additional contributions to the 

development of advanced three-term formulations have been presented by researchers such as 

Zhang et al., Cheng (J. Zhang et al., 2009),(Cheng, 2007), and others, offering various 

improvements aimed at increasing algorithmic efficiency and robustness. 

In this paper, the author introduces a novel and straightforward three-term conjugate gradient 

algorithm, inspired by the β-formulation 𝛽𝑛
𝐺𝐻 proposed in (Al-Naemi, 2022), and enhanced through 

the incorporation of a modified coefficient (𝑦̂), which has demonstrated effectiveness in numerical 

induction processes(X. Zhang & Yang, 2024). The proposed method constructs the search direction 

by integrating both the current gradient information and historical direction trends, along with a 

gradient adjustment mechanism designed to ensure the sufficient descent condition is met. 

Moreover, the algorithm has been shown to achieve global convergence within the context of 

unconstrained nonlinear optimization, under standard assumptions. 

The structure of this work is organized as follows: 

• Section 2 presents the development of the proposed algorithm along with an analysis of 

its descent property. 

• Section 3 discusses numerical experiments conducted on a set of standard unconstrained 

optimization problems to evaluate the algorithm’s practical performance. 

• Section 4 concludes the study with a summary of the main findings and potential future 

directions. 

 

METHOD 

New algorithm& the descent property: 

In this work, motivated by the three-term conjugate gradient direction defined  

𝑑𝑛 = −𝑔𝑛 + 𝛽𝑛𝑑𝑛−1 + 𝑦̂                                                                          (2.1) 

and taking the advantage of the  

β =
𝑔𝑛

𝑇𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1

−
𝑔𝑛

𝑇𝑑𝑛−1

‖𝑑𝑛−1‖2                                                                                        (2.2) 

where  

𝑦̂ =  𝑔𝑛 −
‖𝑔𝑛‖2

‖𝑔𝑛−1‖2  𝑔𝑛−1                                                                                                                        

(2.3) 

The new direction will be as follows: 

𝑑𝑛 = −𝑔𝑛 + (
𝑔𝑛

𝑇𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1

−
𝑔𝑛

𝑇𝑑𝑛−1

‖𝑑𝑛−1‖2) 𝑑𝑛−1 + (𝑔𝑛 −
‖𝑔𝑛‖2

‖𝑔𝑛−1‖2  𝑔𝑛−1)                                  (2.4) 

We now present the main steps of the algorithm that led to the derivation of the new formula: 

1.Algorithm A : 

1. Choose an initial point 𝑥0 ∈ 𝑅𝑛, 𝜀 > 0 , 𝑑𝑛 = −𝑔𝑛, 𝑠𝑒𝑡 𝑛 = 0. 

2. If ‖𝑔𝑛‖ ≤  𝜀 , stop ; otherwise ,go to the next . 

3. Determine a step size𝛼𝑛−1by some line search rule. 

4. Let 𝑥𝑛  =  𝑥𝑛−1  + 𝛼𝑛−1𝑑𝑛−1 , and compute 𝑓𝑛+1, 𝑔𝑛+1. 

5. Compute the descent 𝑑𝑛by (1.3),(2.4) . 

6. If ‖𝑔𝑛+1‖ ≤  𝜀 , stop ; otherwise ,go to the next. 

7. Set 𝑛 = 𝑛 + 1  and go to 3  
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8. End . 

2. Convergence Property: 

The following lemma demonstrates that the direction 𝑑𝑛 generated by equation (2.4) satisfies the 

sufficient descent condition without the need for any line search. 

2.3. Presumptions (B) 

A1-The level set Υ = {𝑥 ∈ ℜ𝑛, 𝑓(𝑥) ≤ 𝑓(𝑥1)}, is bounded.  

A2-The function f is smooth, and its gradient is Lipschitz continuous in a specific neighborhood ℕ 

of Υ; specifically, there is a constant ℒ̆ greater than zero, so that:  

‖𝛻𝑓(𝑥1) − 𝛻𝑓(𝑥2)‖ ≤ ℒ̆||𝑥1 − 𝑥2||, ∀𝑥1, 𝑥2 ∈  ℕ .                     (2.5) 

According to algorithm (A), there exists a positive constant 𝛼 , as stated in [18]. In order to ensure 

global convergence, algorithm (A) must satisfy certain global convergence criteria. As a starting 

point, we examine the descent property of the newly proposed method. 

Theorem1.    

Assume that conditions (B) are satisfied. Suppose the direction 𝑑𝑛 is defined according to equations 

(1.2) and (1.3), and that it fulfills condition (2.4). If the step size 𝛼𝑛−1 satisfies the SWP line search 

conditions given by (1.4) and (1.5), then there exists a constant c > 0 such that: 

 

𝑔𝑛
𝑇𝑑𝑛 ≤ −𝑐‖𝑔𝑛‖2, 𝑐 ≥ 0, ∀𝑛 ≥ 0   

Proof: To begin, the proof is trivial for 𝑛 = 0 i.e 

𝑑0 = 𝑔0 ⟹ 𝑔0
𝑇𝑑0 = −‖𝑔0‖2                                                                                                             

(2.6) 

Multiplying both sides of (2.4) by 𝑔𝑛
𝑇,we get 

𝑔𝑛
𝑇𝑑𝑛 = −‖𝑔𝑛‖2 + (

𝑔𝑛
𝑇𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1

−
𝑔𝑛

𝑇𝑑𝑛−1

‖𝑑𝑛−1‖2) 𝑔𝑛
𝑇𝑑𝑛−1 + (𝑔𝑛 −

‖𝑔𝑛‖2

‖𝑔𝑛−1‖2
 𝑔𝑛−1) 𝑔𝑛

𝑇 

𝑔𝑛
𝑇𝑑𝑛 = −‖𝑔𝑛‖2 +

𝑔𝑛
𝑇𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1

𝑔𝑛
𝑇𝑑𝑛−1 −

𝑔𝑛
𝑇𝑑𝑛−1

‖𝑑𝑛−1‖2
𝑔𝑛

𝑇𝑑𝑛−1 + ‖𝑔𝑛‖2 −
‖𝑔𝑛‖2

‖𝑔𝑛−1‖2
 𝑔𝑛

𝑇𝑔𝑛−1 

We know that 𝑔𝑛
𝑇𝑑𝑛−1 ≤ 𝑑𝑛−1

𝑇 𝑦𝑛−1, and 𝑔𝑛
𝑇𝑑𝑛−1 ≤ ‖𝑔𝑛‖. ‖𝑑𝑛−1‖ 

𝑔𝑛
𝑇𝑑𝑛 ≤ −‖𝑔𝑛‖2 +

𝑔𝑛
𝑇𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1 −

(𝑔𝑛
𝑇𝑑𝑛−1)2

‖𝑑𝑛−1‖2
+ ‖𝑔𝑛‖2 −

‖𝑔𝑛‖2

‖𝑔𝑛−1‖2
 𝑔𝑛

𝑇𝑔𝑛−1 

                         =−‖𝑔𝑛‖2+𝑔𝑛
𝑇𝑦𝑛−1 - 

‖𝑔𝑛‖2.‖𝑑𝑛−1‖2

‖𝑑𝑛−1‖2 +‖𝑔𝑛‖2 −
𝑔𝑛

𝑇𝑔𝑛−1

‖𝑔𝑛−1‖2  ‖𝑔𝑛‖2  

                                𝑔𝑛
𝑇𝑦𝑛−1 = ‖𝑔𝑛‖2 − 𝑔𝑛

𝑇𝑔𝑛−1  

                        =‖𝑔𝑛‖2 − 𝑔𝑛
𝑇𝑔𝑛−1+‖𝑔𝑛‖2 −

𝑔𝑛
𝑇𝑔𝑛−1

‖𝑔𝑛−1‖2  ‖𝑔𝑛‖2   

                          =− (−2 +
𝑔𝑛

𝑇𝑔𝑛−1(1+‖𝑔𝑛−1‖2)

‖𝑔𝑛−1‖2 )  ‖𝑔𝑛‖2  

                            ≤ −𝑐 ‖𝑔𝑛‖2  

The proof is thus complete. 

As a result, equation (2.6) holds for all 𝑛.After establishing that Algorithm (A) satisfies the 

descent condition, we now turn to proving its global convergence under Assumption (B).To this 

end, we require the following lemmas, which are commonly used in convergence analysis and 

were originally provided by Zoutendijk(G Zoutendijk &  ,1970 ) 

Lemma 1. 

Let Assumption (B) hold. Consider any iterative method defined by equations (1.2) and (1.3), and 

suppose that the step size 𝛼𝑛−1is obtained using the SWP conditions given in (1.4) and (1.5). If 

∑
1

‖𝑑𝑛‖2 = ∞𝑛≥1                                                                                                (2.7) 

 

Then  
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lim
𝑛⟶𝑛

inf‖𝑔𝑛‖ = 0                                                                                       (2.8) 

Theorem2. 

Assume that Assumption (B) holds. Suppose that Algorithm (A) is employed, the step size𝛼𝑛−1  is 

obtained using the SWP conditions, and 𝑑𝑛 is a descent direction. Then, the following global 

convergence result holds: lim
𝑛⟶𝑛

inf‖𝑔𝑛‖ = 0      

Proof. 

Since the descent property holds, it follows that 𝑑𝑛 ≠ 0. Therefore, Lemma (1) can be used to 

establish that ‖𝑑𝑛‖  is bounded above. Moreover, from condition (1.4), we have  

                        

‖𝑑𝑛‖ = ‖−𝑔𝑛 + (
𝑔𝑛

𝑇𝑦𝑛−1

𝑑𝑛−1
𝑇 𝑦𝑛−1

−
𝑔𝑛

𝑇𝑑𝑛−1

‖𝑑𝑛−1‖2) 𝑑𝑛−1 + (𝑔𝑛 −
‖𝑔𝑛‖2

‖𝑔𝑛−1‖2
 𝑔𝑛−1)‖ 

Since |𝑑𝑛−1
𝑇 𝑦𝑛−1| ≥ 𝑚‖𝑑𝑛−1‖. ‖𝑦𝑛−1‖ where 𝑚 > 0,so  

‖𝑑𝑛‖ ≤ ‖𝑔𝑛‖ +
‖𝑔𝑛‖. ‖𝑦𝑛−1‖

𝑚‖𝑑𝑛−1‖. ‖𝑦𝑛−1‖
− ‖𝑔𝑛‖ + ‖𝑔𝑛‖ −

‖𝑔𝑛‖. ‖𝑔𝑛‖

‖𝑔𝑛−1‖. ‖𝑔𝑛−1‖
 ‖𝑔𝑛−1‖ 

‖𝑑𝑛‖ ≤
1

𝑚‖𝑑𝑛−1‖
‖𝑔𝑛‖ + ‖𝑔𝑛‖ −

‖𝑔𝑛‖

‖𝑔𝑛−1‖
. ‖𝑔𝑛‖  

‖𝑑𝑛‖ ≤ (
1

𝑚‖𝑑𝑛−1‖
+ 1 −

‖𝑔𝑛‖

‖𝑔𝑛−1‖
) ‖𝑔𝑛‖ 

             ≤ (
1

𝑚.𝑣
+ 1 −

𝑛

𝑢
)  𝑤 = 𝜇 

⟹ ∑
1

‖𝑑𝑛‖2
≥

1

𝜇2
∑ 1 = ∞

𝑛≥1𝑛≥1

 

As a result, (2.7) applies to all n. 

 

RESULT 

Numerical Experiments 

In this section, the primary objective is to evaluate the performance of the proposed algorithm 

using a set of standard test functions. A total of 40 large-scale, unconstrained test functions with 

diverse characteristics were employed to assess the robustness and efficiency of the algorithm under 

various conditions. The results demonstrate that the proposed method outperforms conventional 

algorithms such as HS and PRP in terms of efficiency, speed, and robustness. 

To assess numerical performance, each test function was evaluated with two variable dimensions 

N=1000& N=5000. Threshold parameters were set as 𝛿1 = 0.001, 𝛿2 = 0.9  to examine the 

convergence rate toward the optimal value. The stopping criterion was defined as ‖𝑔𝑛‖ ≤ 1 ∗
10−6. All code implementations were written in FORTRAN (Microsoft Developer Studio Fortran 

Power Station V4.0) using double-precision arithmetic. MATLAB (version 2020a) was used to 

generate performance plots following the methodology described in(Dolan & Moré, 2002) . 

The performance comparison among the algorithms involves the following metrics: 

• NI: Number of iterations. 

• NF: Number of function evaluations. 

A run is considered unsuccessful if the number of iterations exceeds 2000 

i. Figure 1: (a) The results indicate that the newly proposed THREER method achieves superior 

performance in terms of the number of iterations (NI) compared to the traditional HS and PRP 

methods at the high-dimensional setting of N=1000. 

 (b) Furthermore, the THREER method records the lowest number of function evaluations (NF) 

among the compared methods at the same dimension, as illustrated by the upper curve in the 

performance plot. 

https://doi.org/10.33395/sinkron.v9i4.15339


 

Sinkron : Jurnal dan Penelitian Teknik Informatika 

Volume 9, Issue 4, October 2025 

DOI : https://doi.org/10.33395/sinkron.v9i4.15339 

e-ISSN : 2541-2019 

 p-ISSN : 2541-044X 
 

 

*name of corresponding author 

 
This is anCreative Commons License This work is licensed under a Creative 

Commons Attribution-NonCommercial 4.0 International License. 3215 

 

 Based on these findings, it is evident that the proposed technique significantly outperforms 

conventional conjugate gradient methods in terms of computational efficiency, thereby 

demonstrating its effectiveness in solving large-scale optimization problems. 

 

  
 (a) Performance based on NI.                                                  (b) Performance based on NF 

Fig.1.  𝑳𝒐𝒈𝟏𝟎 scaled performance profiles of THREER methods 

 

Figure2:(a) The experimental results reveal that the newly developed THREER algorithm delivers 

enhanced performance with respect to the number of iterations (NI), when benchmarked against 

classical methods such as HS and PRP in the high-dimensional scenario where N=5000. 

(b) In addition, the THREER approach demonstrates a notable reduction in the number of function 

evaluations (NF), outperforming the other methods under the same dimensional setting. This is 

clearly reflected in the performance profile, where it consistently appears at the top curve.In light 

of these observations, the proposed method proves to be highly efficient from a computational 

standpoint, confirming its suitability and strength in tackling large-scale unconstrained 

optimization problems. 

  
 (a) Performance based on NI.                                                 (b) Performance based on NF 

Fig.2.  𝑳𝒐𝒈𝟏𝟎 scaled performance profiles of THREER methods 

 

DISCUSSIONS 

The numerical experiments conducted in this study demonstrate the superior performance of 

the proposed THREER algorithm across a diverse set of unconstrained optimization test problems. 

Compared to classical conjugate gradient methods, particularly the HS and PRP variants, THREER 

consistently achieves fewer iterations and lower function evaluations, indicating enhanced 

efficiency. This improvement can be attributed to the integration of the additional third term derived 
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from the modified search direction vector 𝑦̂, which not only strengthens the search dynamics but 

also preserves the sufficient descent property throughout the optimization process. The preservation 

of this property ensures that each search direction contributes effectively to progress toward the 

optimum, preventing stagnation and oscillatory behavior commonly observed in traditional two-

term methods. 

These empirical findings align closely with the theoretical analysis presented, which 

guarantees global convergence under standard assumptions. By maintaining the sufficient descent 

property independently of the specific line search strategy, THREER exhibits robustness against 

variations in line search performance—a key factor in practical implementations. The algorithm’s 

hybrid structure effectively complements the 𝛽-parameter introduced by Al-Neami, addressing 

limitations observed in conventional CG approaches such as sensitivity to gradient scaling and slow 

convergence in high-dimensional landscapes. These results are also consistent with previous 

findings by Andrei (2013) and Zhang et al. (2017), who emphasized the benefits of three-term 

formulations in enhancing convergence stability. 

Furthermore, the performance profiles plotted on a Log10 scale reveal that THREER provides 

more consistent convergence across different benchmark problems, indicating adaptability and 

potential for large-scale applications. In particular, for problems with complex curvature or ill-

conditioned Hessians, THREER maintains stable convergence trajectories, whereas HS and PRP 

often require additional iterations or exhibit irregular progress. The performance profiles and 

convergence trajectories collectively confirm the superiority of THREER, particularly in non-

quadratic problem landscapes. 

While these results are promising, some limitations should be acknowledged. The benchmark 

suite, although comprehensive, may not fully capture all practical optimization scenarios 

encountered in engineering or machine learning applications. Additionally, the performance can be 

influenced by the choice of line search parameters, and extreme function landscapes could still 

challenge the descent efficiency. Future research could explore adaptive line search strategies, 

integration with preconditioning techniques, and extension to constrained optimization problems 

to further enhance the robustness and applicability of THREER. 
 

CONCLUSION 

Overall, the analysis demonstrates that THREER offers a balanced combination of theoretical 

rigor and practical efficiency. The algorithm’s consistent convergence, reduced computational cost, 

and robustness against problem variability underscore its potential as a reliable tool for high-

dimensional unconstrained optimization tasks. Hence, the proposed THREER algorithm not only 

advances the theoretical framework of hybrid CG methods but also provides a promising 

foundation for developing next-generation hybrid optimization solvers. 
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